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1 Introduction

In this paper, we introduce recursive algorithms for producing graph Laplacians of dual graphs associated
with the square tiling, the chair tiling, and the pinwheel tiling based on their inflate-and-subdivide rules.
These algorithms are based on 2-dimensional approaches, and, although they have been developed for toy
examples, the underlying concept could potentially be used to develop similar algorithms for other tilings.
Section 2 defines the dual graph of a tiling, and section 3 defines the Laplacian matrix of a graph. These
sections also discuss the connection of these two concepts to the algorithms described in the paper and the
study of tilings as a whole.

An aperiodic tiling is one whose tiles do not admit any period, i.e., there is no non-trivial shift of the
tiles that produces the exact same tiling [1]. Aperiodic tilings can be used to model the structure a type
of materials called quasicrystals, giving them applications in fields like chemistry and materials science [2].
1-dimensional aperiodic tilings are well understood, but 2-dimensional tilings are not. There are some
approaches that apply 1-dimensional concepts to find the graph Laplacians of 2-dimensional tilings. The
algorithms presented in this paper provide a method of generating Laplacians in a 2-dimensional way.

Section 4 provides an algorithm for the generation of the graph Laplacian of the square tiling. This tiling
is periodic and thus its graph Laplacian is not difficult to generate using standard methods, but the approach
can be applied to develop similar algorithms for aperiodic tilings. Algorithms for two such aperiodic tilings,
the chair tiling and the pinwheel tiling, are described in sections 5 and 6.

2 Dual Graph

In this section, we define the dual graph of a tiling and explain its relevance.
There exists an undirected graph that is associated with every tiling, known as the dual graph of the

tiling. The dual graph of a tiling contains a node for each tile in the tiling. There is an edge between two
nodes if the tiles associated with those nodes are adjacent (i.e. if they share a side). A node has the same
label as the tile it is associated with. By abuse of notation, we refer to both the tiling and its graph by the
same name.

A tiling Ti contains several adjacent copies of tiling Ti−1. Therefore, dual graph Ti also contains several
copies of dual graph Ti−1, with nodes relabeled to fit the numbering scheme. Graph Ti also contains
additional edges that connect these copies to each other. Our main goal is to determine the labels of the
nodes connected by these additional edges that appear in the associated graphs of each successive iteration
of the inflate-and-subdivide rule on the tiling. We refer to these edges as “new” edges to differentiate them
from those edges that are part of the copies of the previous graph.
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3 Graph Laplacian

In this section, we define the Laplacian matrix of a graph, and explain its importance in relation to aperiodic
tilings. We also show how the algorithm described in the previous section can be used to generate a Laplacian
for part of the dual graph of chair tilings.

Let G be a graph. The graph Laplacian L of G is defined as follows ([3]). Let dv be the degree of a node
v. Then, the elements of L are defined as follows.

L(u, v) =


dv if u = v,

−1 if u ∼ v,

0 otherwise.

The Laplacian L may also be defined as L = D−A, where D is the degree matrix and A is the adjacency
matrix of G.

The algorithms described in this paper generate a list of edges that form a subgraph of dual graph Ti

that is composed solely of new edges and the nodes they connect. We refer to this graph as T ′i . We define
a second graph, T ∗i , to be the subgraph of Ti that has four connected components, each of which is a copy
of the dual graph Ti−1. Let Li, L

′
i, and L∗i be the Laplacian matrix of Ti, the Laplacian matrix of T ′i ,the

Laplacian matrix of T ∗i , respectively. It is the case that Li = L′i + L∗i . The Laplacian matrix L∗i is a block
diagonal matrix with four copies of the Laplacian matrix of the previous dual graph Ti−1 on the diagonal
blocks and 0’s elsewhere. The matrix L′i is the Laplacian of the graph consisting of the edges found by the
algorithm in Section 5. To generate L′i programmatically, we take as a parameter a list of ordered node pairs
representing edges between adjacent nodes, and use the definition of Laplacian matrices to fill in the matrix
as an array. For an edge (u, v) ∈ T ′i , we set L′i(u, v) = L′i(v, u) = −1 and add 1 to the values at both L′i(u, u)
and L′i(v, v). Thus, the algorithm allows us to find the Laplacian matrices of the dual graphs associated
with pinwheel tilings of arbitrary size.

The Laplacian matrices of substitution tilings give us a way to study the tilings in more detail. The
spectrum of a matrix, or the set of its eigenvalues, is a useful object for studying the properties of graphs
(see [3]). Studying the spectrum of the graph Laplacian matrices of aperiodic tilings may be a good way to
better understand them and their structure.

4 Square Tiling

4.1 Introduction

The square tiling is a substitution tiling that consists of one tile, a square. In the inflate-and-subdivide rule
for this tiling, each tile is inflated by a linear factor of two and subdivided into four tiles of the original
size. Figure 1 depicts several applications of this rule from an original tile. The tiling generated at the ith
iteration of this inflate-and-subdivide rule is labeled Si. For i ≥ 1, the tiling Si contains four copies of the
previous tiling Si−1. These copies are referred to as quadrants. We refer to the upper left hand quadrant as
the 0 quadrant, the upper right hand quadrant as the 1 quadrant, the lower right hand quadrant as the 2
quadrant, and the lower left hand quadrant as the 3 quadrant.

Each tile is assigned a numerical label. These labels start in the upper left hand corner and run clockwise.
Tiles are labeled with numbers in base 4, as this allows us to gain information about the location of a tile
based on its label. Figure 1 shows how larger tilings are labeled under this scheme. We refer to some sections
of the tiling as sub-tilings. Each sub-tiling resembles the S1 tiling. The labels of tiles that differ only by the
rightmost digit are part of the same sub-tiling.
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Figure 1: Inflate-and-subdivide rule for square tiling.

Figure 2 shows the dual graphs associated with several iterations of the square tiling. On S2, the copies
of the previous tiling’s graph are drawn in blue and the new edges connecting these graphs are shown in red.
The dual graph of this tiling is a square grid graph, and thus it is simple to generate its Laplacian. However,
our goal is to generate the Laplacian using a 2-dimensional method based on the inflate-and-subdivide rule of
the tiling. The algorithm described here does this, and the underlying method is applicable to the aperiodic
tilings described in sections 5 and 6 as well as possibly many more.
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Figure 2: Dual graph of the square tiling.
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4.2 1-Dimensional Substitution

4.2.1 Individual substitutions

The algorithm for generating the Laplacian of the square tiling is based on 1-dimensional substitutions that
represent the patterns of tiles along the lines that divide the quadrants of the tiling. These lines are shown
in red and labeled in Figure 3. There are two lines: 1, which separates quadrants 0 and 1 from quadrants 2
and 3; and 2, which separates quadrants 0 and 3 from quadrants 1 and 2. The substitutions are based on
tile types and which line the tiles lie on. We designate the type of a tile by the rightmost digit in its label.

Q0 Q1

Q2Q3

1

2

Figure 3: Lines separating quadrants

There are two substitutions for each line. The tiles on the north side of Line 1 have distinct rules from
the tiles on the south side; similarly, the tiles on the east side of Line 2 have distinct rules from the tiles on
the west side. North, south, east, and west refer to the standard cardinal directions; the north side is above
the line, the east side is to the right of the line, etc. The substitution for Line 1 reads left-to-right and the
substitution for Line 2 reads top-to-bottom. These substitutions are defined in Table 1.

Line 1 Line 2
North side South side East side West side
3 7→ 32 0 7→ 01 0 7→ 03 1 7→ 12
2 7→ 32 1 7→ 01 3 7→ 03 2 7→ 12

Table 1

It is easy to see that all symbols that appear in the output of one of the substitutions on one line are
defined as inputs, each with its own output. These rules were generated by examining which tiles appear on
each of the lines in S2 and determining what tiles they inflate-and-subdivide into that will also be on that
line. Without loss of generality, consider a tile on the north side of Line 1. When this tile is inflated and
subdivided into four new tiles, only two of those - those that make up the southern half of the newly created
sub-tiling - will have an edge on Line 1. By the numbering scheme, the southern two tiles in any sub-tiling
will always be a type 3 and a type 2. For all i ≥ 2, all tiles on the north side of Line 1 in a tiling Si will
either be type 2 or 3, and they will only generate type 2 or 3 tiles with the inflate-and-subdivide rule. The
same idea applies for the other side of Line 1 and both sides of Line 2; thus, the substitution rules defined
in Table 1 are exhaustive.

Figure 4 shows how one of these substitutions works for a tile on the north side of Line 1. The edge of
the tile that lies on the line is shown in red. When the tile inflates and subdivides, two new tiles - a type 3
and a type 2 - now lie on the line. This same result happens regardless of what type the tile was originally.
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23

Figure 4: Line 1 north side substitution

4.2.2 Paired substitutions

The set of substitutions defined in Table 1 create strings of tile types along the quadrant-dividing lines in
the tiling. Each tile in each string is paired with another tile in the string on the other side of its line; this
is the tile that it is adjacent to in the 2-dimensional tiling. Figures 5 and 6 show how the symbols in the
strings generated by the substitutions for opposite sides of the same line match up. For strings a and b on
opposite sides of the same line and an integer i between 1 and the length of the strings, the tile type names
at ai and bi are adjacent.

North side

32 7→ 3232 7→ 32323232 7→ . . .

01 7→ 0101 7→ 01010101 7→ . . .

South side

Figure 5: Line 1

East side

03 7→ 0303 7→ 03030303 7→ . . .

12 7→ 1212 7→ 12121212 7→ . . .

West side

Figure 6: Line 2

This method of pairing up the results of the 1-dimensional substitutions allows for the definition of a set
of substitutions based on pairs of tiles. These substitutions are defined in Table 2.

Line 1 Line 2
(3, 0) 7→ (3, 0)(2, 1) (0, 1) 7→ (0, 1)(3, 2)
(2, 1) 7→ (3, 0)(2, 1) (3, 2) 7→ (0, 1)(3, 2)

Table 2

Again, it is easy to see that all symbols in this substitution are defined. Therefore, this set of substitutions
generate all possible pairs of adjacent tiles along the quadrant-dividing lines of the square tiling.
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4.3 2-Dimensional Algorithm

The set of paired 1-dimensional substitutions can be applied to the 2-dimensional square tiling in order to
get the new edges that appear on the graph associated to the tiling after an application of the inflate-and-
subdivide rule. As these substitutions are exhaustive and correctly generate the sequence of tiles that appear
on the lines between quadrants, we use them to determine the labels of these new edges. Each substitution
corresponds to a case in the algorithm.

The algorithm works recursively by generating new edges from the set of new edges from the previous
iteration of the tiling. It starts with a base case of edges that appear in the graph S2. The algorithm walks
through the list of edges and checks the rightmost and leftmost digits in each label in each edge. Suppose the
algorithm is currently checking edge (u, v). The leftmost digits of u and v give the quadrants that the tiles
are in, which tells us which line u and v are on and thus which set of substitutions to use. The rightmost
digits of u and v provide the type of the tiles, which tells us which substitution to use. Based on the paired
1-dimensional substitutions, the algorithm finds the tile types that the tiles u and v will subdivide into. Let
(a, b) and (c, d) be the pairs of tile types generated here.

Since every tile generates 2 tiles on a given line, the algorithm creates two copies of each edge (u1, v1) and
(u2, v2). Since the tiles are being inflated, we also inflate the labels by multiplying them by 4 to get (4u1, 4v1)
and (4u2, 4v2). In base 4, this has the effect of appending a 0 onto the end of each label. The analogue of
subdivision for the labels is adding a number to the inflated label to designate where in the sub-tiling the
tile is located. So, the algorithm adds the pairs of tile types to the inflated labels to get (4u1 + a, 4v1 + b)
and (4u2 + c, 4v2 + d). These are the edges that the original edge generates upon an application of the
inflate-and-subdivide rule.

When this process is applied to each tile in the list, we have a complete set of new edges in the new tiling.
The process for generating L′i from this set is described in section 3. The set may also be used to generate
the list of new edges for the next tiling generated by the inflate-and-subdivide rule.

5 Chair Tiling

5.1 Introduction

The chair tiling is an aperiodic tiling involving a single tile. In the inflate-and-subdivide rule for this tiling,
each tile is inflated by a linear factor of 2 and subdivided into four tiles of the original size (Figure 7). The
tiling generated at the ith iteration of this inflate-and-subdivide rule is labeled Hi. For i ≥ 1, the tiling Hi

contains four copies of the previous tiling, Hi−1. These copies are referred to as quadrants and are numbered
0, 1, 2, and 3, starting from the center quadrant and continuing counterclockwise around the outside. In H1

each tile is also a quadrant, so the label of a tile is also a quadrant number. In subsequent iterations when
a tile is inflated, the label is multiplied by 4 and the four subdivisions are labeled starting with this number
in the center and increasing by one going counterclockwise around the outside. The numbering scheme for
larger tilings is shown in Figure 7 with H2. The dual graph of the tiling is shown in Figure 8.

A tile is an “inner” tile if it is in quadrant 0, meaning the leftmost digit of the label is a 0, otherwise it
is an “outer” tile. We refer to some sections of the tiling as sub-tilings. Each sub-tiling resembles the S1

tiling. The labels of tiles that differ only by the rightmost digit are part of the same sub-tiling.
For an integer n > 2, the function f : Z+ → Z+, defined as f(n) = f(n− 1) + 2n, shows how many new

edges appear in Hn with base cases f(1) = 5 and f(2) = 11.
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Figure 7: Inflate-and-subdivide rule for chair tiling.
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Figure 8: Dual graph of the chair tiling.
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Notice that upon applying the inflate-and-subdivide rule for the tiling, four different orientations A, B,
C, and D of the H1 tiling arise, shown in Figures 9 through 12. We use these orientations to develop a 1-
dimensional substitution, which we then use to create an algorithm that finds the labels of the pairs of tiles
that are adjacent to each other from different quadrants (and thus the new edges in the graphs associated
to the tilings) in each successive iteration of the inflate-and-subdivide rule.

0

1

2 3

Figure 9: Orientation A

0

3

2 1

Figure 10: Orientation B

0

1

23

Figure 11: Orientation C

0

1 2

3

Figure 12: Orientation D

5.2 1-Dimensional Substitution

5.2.1 Individual substitutions

The 1-dimensional substitution gives the sequence of types of tiles along the lines between distinct quadrants
in a chair tiling generated by the inflate-and-subdivide rule. The type of a tile is designated by the rightmost
digit in the label, along with the orientation of the H1 sub-tiling that the tile is a part of. The rightmost
digit of the label designates the position of the tile in the H1 sub-tiling that contains it. For example, a
0A tile is in the 0 position of an orientation A sub-tiling. Labeling individual tiles in this way allows us to
abstract away from specific tiles or locations in the tiling and simply describe the relationships of arbitrary
tiles to one another.

1

2
7

3 4

8
5

6

Figure 13: Lines separating quadrants

There are 8 distinct lines between quadrants for which we need sequences of tile types. New edges in the
associated graph connect nodes associated with tiles on either side these lines. These lines are shown in red
and labeled 1 through 8 in Figure 13. There are two sets of substitutions for each line. For vertical lines,
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Line 1 Line 2
North side South side West side East side
0B 7→ 0B1B 2B 7→ 2B1B 0B 7→ 0B3B 2B 7→ 2B3B
1B 7→ 1C 1B 7→ 3C2C 3B 7→ 3A 3B 7→ 1A2A
1C 7→ 1D2D 3C 7→ 2B1B 3A 7→ 3D2D 1A 7→ 2B3B
1D 7→ 2A3A 2C 7→ 3C2C 3D 7→ 2C1C 2A 7→ 1A2A
2D 7→ 1D2D 2D 7→ 3D2D
2A 7→ 2A3A 2C 7→ 2C1C
3A 7→ 1D2D 1C 7→ 3D2D
Line 3 Line 4
West side East side North side South side
0A 7→ 0A1A 1A 7→ 3B2B 2A 7→ 2A3A 0A 7→ 0A3A
1A 7→ 1B 2A 7→ 2A1A 3A 7→ 1D2D 3A 7→ 3D
1B 7→ 1C2C 2B 7→ 3B2B 1D 7→ 2A3A 3D 7→ 3C2C
1C 7→ 2D3D 3B 7→ 2A1A 2D 7→ 1D2D 3C 7→ 2B1B
2C 7→ 1C2C 2C 7→ 3C2C
2D 7→ 2D3D 2B 7→ 2B1B
3D 7→ 1C2C 1B 7→ 3C2C
Line 5 Line 6
North side South side West side East side
3A 7→ 2D1D 0D 7→ 0D1D 2D 7→ 2D3D 0D 7→ 0D3D
2D 7→ 2D1D 1D 7→ 1A 3D 7→ 1C2C 3D 7→ 3C
1D 7→ 3A2A 1A 7→ 1B2B 1C 7→ 2D3D 3C 7→ 3B2B
2A 7→ 3A2A 1B 7→ 2C3C 2C 7→ 1C2C 3B 7→ 2A1A

2B 7→ 1B2B 2A 7→ 2A1A
2C 7→ 2C3C 1A 7→ 3B2B
3C 7→ 1B2B 2B 7→ 3B2B

Line 7 Line 8
North side South side West side East side
2A 7→ 2A3A 2B 7→ 2B1B 3D 7→ 1C2C 1A 7→ 3B2B
3A 7→ 1D2D 1B 7→ 3C2C 2D 7→ 2D3D 2A 7→ 2A1A
1D 7→ 2A3A 3C 7→ 2B1B 2C 7→ 1C2C 2B 7→ 3B2B
2D 7→ 1D2D 2C 7→ 3C2C 1C 7→ 2D3D 3B 7→ 2A1A

Table 3: Substitution

tiles on the west side and the east side have distinct substitutions. Likewise, the tiles on the north and south
side of horizontal lines also have distinct rules. North, south, east and west refer to the cardinal directions
when looking at the tiling, with north being the top of the page. The substitutions are defined in Table 3.

There are some tiles that are accounted for twice in the rules. It is necessary to have this redundancy,
however, because the sides of these tiles are on two distinct lines. This happens in the three corners of
the inner quadrant. We distinguish this case by noting that the corners are always type-2 tiles. Without
loss of generality, consider a 2B tile on the inside top corner. This tile is always adjacent to a 0B , 1B , and
3B . The 2B tile and the 0B tile share edges on 2 distinct lines. On both lines, the half of the 2B edge
closest to the corner shares an edge with a 0B and the other half shares an edge with a 1B or 3B . When
we inflate-and-subdivide the corner 2B , it becomes a 1B , 3B , and another corner 2B . For both edges, the
half that was adjacent to the 0B becomes the corner 2B and the half that was adjacent to the 1B or 3B
becomes a 1B or 3B , respectively. That means only the new corner 2B is adjacent to the inflation of the 0B
tile because it came from half of the 2B that shared an edge with the 0B before inflation. When we inflate
and subdivide the 0B tile on the outside of the corner, we get three more tiles around that corner of the
tiling, a 0B on the corner, a 1B to the right, and 3B below. This is why the corner 2B is always adjacent
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to three tiles, as previously stated. On the top edge it is adjacent to a 0B and 1B , and on the left edge it is
adjacent to the same 0B and a 3B . The algorithm handles this by splitting up the substitution for 2B if it
is on a corner.

Here, we show that these substitutions are closed; that is, there are no tiles produced by a substitution
that do not have their own associated substitution. For each line, we write the substitution for the starting
edges on the lines in H3. Then, we continue by writing the substitution for any edge that appears as an
output of a substitution but has not appeared as an input of any previous substitution for that line. If we
reach a point at which every edge that is an output is also an input, we can be sure that no new edges appear
on that line after any number of iterations.

0

3

2 1

0

3

2 1

0

3

2 1

0

1

23

Figure 14

For example, consider the upper bottom edge of the tile in Figure 10, which is highlighted in purple in
Figure 14. This edge appears on the north side of line 1 in H3. It can be split into 2 edges that expand
differently because they are edges of 2 distinct orientations of tiles. The 0B tile inflates and subdivides into
Orientation B. Recall, we are only looking at the upper bottom edge. So we have, once again, the upper
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bottom edge of a 0 and the lower bottom edge of a 1 giving us 0B 7→ 0B1B . Going back to our original edges,
the 1B tile expands into an Orientation C tile. We need to look at the lower bottom edge of this tile because
that is the edge that touches line 1. The bottom edge of an Orientation C tile is the bottom edge of the 1
tile. So, 1B 7→ 1C . To find what 1C expands to we look at the bottom edge of its expansion, Orientation D.
From this we get, 1C 7→ 1D2D. Following this same procedure, we get 1D 7→ 2A3A and 2D 7→ 1D2D. Next,
we define 2A and 3A since those have not appeared before. When looking at the tiling we see 2A 7→ 2A3A
and 3A 7→ 1D2D. This completes the set of rules for the north side of line 1. Notice, however, that we do
not have a rule for 3C , for example. In fact, we do not need one because 3C does not arise from the output
of any of our existing rules, meaning it can never appear on the north side of line 1. In other words, we do
not need to account for any additional inputs because every output the substitution produces is already a
defined input. Therefore, this substitution gives the edges that are on this line in infinitely many iterations.
From Table 3, it is easy to see that this is also true for both sides of the remaining lines.

5.2.2 Paired substitutions

The set of substitutions defined in section 5.2.1, when applied to each line in the tiling, creates strings of tile
type names. Each line has two associated strings, one for each side of the line. Each name in the string for
one side is paired with one or more names in the string for the other side. Figures 15 through 22 show these
connections. The horizontal black line in each of these figures indicates the border between the tiles, and the
magenta lines connecting tile type names indicate the adjacencies between tiles. Lines 1 through 6 (Figures
15 through 20) show connections between the inner quadrant and the outer quadrants, meaning the tiles on
one side of the line are in quadrant 0 and the tiles on the other side are in quadrant 1, 2, or 3. Let strings
O and I be the strings generated by the set of associated substitutions for any one of these six lines, where
O is the string generated by the outer substitution and I is the string generated by the inner substitution.
Let Oj and Ij be the jth tile of O and I, respectively, where j is an integer between 1 and the length of the
shorter string. When j = 1, Ij is adjacent to both Oj and Oj+1, because the first tile I is always on the
corner between two lines and thus is adjacent to two tiles. For all other values of j, Ij is adjacent to Oj+1.
Lines 7 and 8 (Figures 21 and 22) show connections between quadrants 1 and 2, and quadrants 2 and 3. In
these figures, the quadrant that each side is associated with is labeled. Let O and I be strings of the same
length, now generated by the substitutions for line 7 or 8, representing the tiles in either quadrants 1 and 2
(for line 7) or quadrants 2 and 3 (for line 8) respectively. For the indexing integer j, Ij is adjacent to Oj .

In Figures 15 through 22, substitutions begin with base case strings of tiles taken from H3.
We now prove that no new pairs of tiles appear when two corresponding strings produced by the substi-

tutions are matched up. We have already shown that each substitution on its own is closed and does not
generate any names that are not defined. Table 4 is filled in based on the previously defined substitutions,
but have matched up the pairs of tiles as shown in Figures 15 through 22. Each of these substitutions is
also closed. So, the substitutions generate all possible pairs of adjacent tiles along the 8 specified lines of the
chair tiling.

0B1B1C 7→ 0B1B1C1D2D 7→ 0B1B1C1D2D2A3A1D2D 7→ . . .

2B1B 7−→ 2B1B3C2C 7−→ 2B1B3C2C2B1B3C2C 7→ . . .

Outside

Inside

Figure 15: Line 1.

11



0B3B3A 7→ 0B3B3A3D2D 7→ 0B3B3A3D2D2C1C3D2D 7→ . . .

2B3B 7−→ 2B3B1A2A 7−→ 2B3B1A2A2B3B1A2A 7→ . . .

Outside

Inside

Figure 16: Line 2.

0A1A1B 7→ 0A1A1B1C2C 7→ 0A1A1B1C2C2D3D1C2C 7→ . . .

2A1A 7−→ 2A1A3B2B 7−→ 2A1A3B2B2A1A3B2B 7→ . . .

Outside

Inside

Figure 17: Line 3.

0A3A3D 7→ 0A3A3D3C2C 7→ 0A3A3D3C2C2B1B3C2C 7→ . . .

2A3A 7−→ 2A3A1D2D 7−→ 2A3A1D2D2A3A1D2D 7→ . . .

Outside

Inside

Figure 18: Line 4.

0D1D1A 7→ 0D1D1A1B2B 7→ 0D1D1A1B2B2C3C1B2B 7→ . . .

2D1D 7−→ 2D1D3A2A 7−→ 2D1D3A2A2D1D3A2A 7→ . . .

Outside

Inside

Figure 19: Line 5.

0D3D3C 7→ 0D3D3C3B2B 7→ 0D3D3C3B2B2A1A3B2B 7→ . . .

2D3D 7−→ 2D3D1C2C 7−→ 2D3D1C2C2D3D1C2C 7→ . . .

Outside

Inside

Figure 20: Line 6.
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2A3A 7→ 2A3A1D2D 7→ 2A3A1D2D2A3A1D2D 7→ . . .

2B1B 7→ 2B1B3C2C 7→ 2B1B3C2C2B1B3C2C 7→ . . .

Quadrant 1

Quadrant 2

Figure 21: Line 7.

2D3D 7→ 2D3D1C2C 7→ 2D3D1C2C2D3D1C2C 7→ . . .

2A1A 7→ 2A1A3B2B 7→ 2A1A3B2B2A1A3B2B 7→ . . .

Quadrant 2

Quadrant 3

Figure 22: Line 8.

Line 1 Line 2
(2B , 0B) 7→ (2B , 0B)(2B , 1B) (2B , 0B) 7→ (2B , 0B)(2B , 3B)
(2B , 1B) 7→ (1B , 1C) (2B , 3B) 7→ (3B , 3A)
(1B , 1C) 7→ (3C , 1D)(2C , 2D) (3B , 3A) 7→ (1A, 3D)(2A, 2D)
(3C , 1D) 7→ (1B , 3A)(2B , 2A) (1A, 3D) 7→ (3B , 1C)(2B , 2C)
(2C , 2D) 7→ (3C , 1D)(2C , 2D) (2A, 2D) 7→ (1A, 3D)(2A, 2D)
(1B , 3A) 7→ (3C , 1D)(2C , 2D) (3B , 1C) 7→ (1A, 3D)(2A, 2D)
(2B , 2A) 7→ (2B , 2A)(1B , 3A) (2B , 2C) 7→ (2B , 2C)(3B , 1C)

Line 3 Line 4
(2A, 0A) 7→ (2A, 0A)(2A, 1A) (2A, 0A) 7→ (2A, 0A)(2A, 3A)
(2A, 1A) 7→ (1A, 1B) (2A, 3A) 7→ (3A, 3D)
(1A, 1B) 7→ (3B , 1C)(2B , 2C) (3A, 3D) 7→ (1D, 3C)(2D, 2C)
(3B , 1C) 7→ (1A, 3D)(2A, 2D) (1D, 3C) 7→ (3A, 1B)(2A, 2B)
(2B , 2C) 7→ (3B , 1C)(2B , 2C) (2D, 2C) 7→ (1D, 3C)(2D, 2C)
(1A, 3D) 7→ (3B , 1C)(2B , 2C) (3A, 1B) 7→ (1D, 3C)(2D, 2C))
(2A, 2D) 7→ (2A, 2D)(1A, 3D) (2A, 2B) 7→ (2A, 2B)(3A, 1B))

Line 5 Line 6
(2D, 0D) 7→ (2D, 0D)(2D, 1D) (2D, 0D) 7→ (2D, 0D)(2D, 3D)
(2D, 1D) 7→ (1D, 1A) (2D, 3D) 7→ (3D, 3C)
(1D, 1A) 7→ (3A, 1B)(2A, 2B) (3D, 3C) 7→ (1C , 3B)(2C , 2B)
(3A, 1B) 7→ (1D, 3C)(2D, 2C) (1C , 3B) 7→ (3D, 1A)(2D, 2A)
(2A, 2B) 7→ (3A, 1B)(2A, 2B) (2C , 2B) 7→ (1C , 3B)(2C , 2B)
(1D, 3C) 7→ (3A, 1B)(2A, 2B) (3D, 1A) 7→ (1C , 3B)(2C , 2B)
(2D, 2C) 7→ (2D, 2C)(1D, 3C) (2D, 2A) 7→ (2D, 2A)(3D, 1A)

Line 7 Line 8
(2A, 2B) 7→ (2A, 2B)(3A, 1B) (2D, 2A) 7→ (2D, 2A)(3D, 1A)
(3A, 1B) 7→ (1D, 3C)(2D, 2C) (3D, 1A) 7→ (1C , 3B)(2C , 2B)
(1D, 3C) 7→ (2A, 2B)(3A, 1B) (1C , 3B) 7→ (2D, 2A)(3D, 1A)
(2D, 2C) 7→ (1D, 3C)(2D, 2C) (2C , 2B) 7→ (1C , 3B)(2C , 2B)

Table 4
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5.3 2-Dimensional Algorithm

The set of paired 1-dimensional substitutions can be applied to the to 2-dimensional chair tiling in order to
get the new edges that appear on the graph associated to the tiling after an application of the inflate-and-
subdivide rule. Each case in the algorithm, which gives these edges recursively based on the new edges of
the previous tiling, corresponds to several paired 1-dimensional substitutions, which we have proven to be
exhaustive. Therefore, this algorithm correctly gives the new edges of dual graphs for tilings generated by
an infinite number of applications of the inflate-and-subdivide rule.

The algorithm works recursively by generating new edges using the set of new edges from the previous
graph. It starts with a base case of new edges that appear in the graph H3, along with the orientations
of the associated tiles in the tiling H3, and uses the list of edges generated on each iteration to find the
list of edges for the next iteration. The algorithm goes through the list of edges and checks the label and
orientation of the tiles associated to each of the nodes forming the edges to determine the tile types that
the tiles subdivide into based on the set of 1-dimensional substitutions. It then multiplies the labels of both
nodes in the edge by 4 to account for the inflation of the tiling, and adds the number associated with the
found tile types to each node’s label. It also saves the orientation of each tile with its node to be used on the
next iteration. During this process, the label and orientation of a tile are stored separately, as both the label
and orientation are needed for the algorithm, but only the label is needed to fill in the Laplacian matrix,
as the rows and columns are indexed by node. Figures 23 through 53 show the 30 different cases that our
algorithm considers. In these figures, the specific tiles that the case handles are outlined in red. The left side
shows the orientation and positioning of these tiles before the inflate-and-subdivide rule is applied, and the
right side shows how they are divided and where the new edges appear in the graph afterward. Each tile has
a label consisting of a number and orientation so that these cases can be generalized to any location in any
iteration of the chair tiling. The blue lines between labels show relevant edges in the dual graph associated
with the tilings. The two adjacent sub-tilings are differentiated with green and white shading.
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Figure 23: Case 1.1.

Case 1.1 (Figure 23) occurs when a 2A tile in the inner quadrant is adjacent to a 0A tile in an outer
quadrant. This case corresponds to the following rules in the 1-dimensional substitution.

• (2A, 0A) 7→ (2A, 0A)(2A, 1A) from line 3.

• (2A, 0A) 7→ (2A, 0A)(2A, 3A) from line 4.
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Figure 24: Case 1.2.

Case 1.2 (Figure 24) occurs when a 2B tile in the inner quadrant is adjacent to a 0B tile in an outer
quadrant. This case corresponds to the following rules in the 1-dimensional substitution.

• (2B , 0B) 7→ (2B , 0B)(2B , 1B) from line 1.

• (2B , 0B) 7→ (2B , 0B)(2B , 3B) from line 2.
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Figure 25: Case 1.3.

Case 1.3 (Figure 25) occurs when a 2D tile in the inner quadrant is adjacent to a 0D tile in an outer
quadrant. This case corresponds to the following rules in the 1-dimensional substitution.

• (2D, 0D) 7→ (2D, 0D)(2D, 1D) from line 5.

• (2D, 0D) 7→ (2D, 0D)(2D, 3D) from line 6.
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Figure 26: Case 2.1

Case 2.1 (Figure 26) occurs when a 2B in the inner quadrant is adjacent to a 1B in an outer quadrant.
This case corresponds to the following rules in the 1-dimensional substitution.

• (2B , 1B) 7→ (1B , 1C) from line 1.
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Figure 27: Case 2.2

Case 2.2 (Figure 27) occurs when a 2A in the inner quadrant is adjacent to a 1A in an outer quadrant.
This case corresponds to the following rules in the 1-dimensional substitution.

• (2A, 1A) 7→ (1A, 1B) from line 3.
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Figure 28: Case 2.3

Case 2.3 (Figure 28) occurs when a 2D in the inner quadrant is adjacent to a 1D in an outer quadrant.
The case corresponds to the following rules in the 1-dimensional substitution.

• (2D, 1D) 7→ (1D, 1A) from line 5.
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Figure 29: Case 3.1

Case 3.1 (Figure 29) occurs when a 2B in the inner quadrant is adjacent to a 3B in an outer quadrant.
The case corresponds to the following rules in the 1-dimensional substitution.

• (2B , 3B) 7→ (3B , 3A) from line 2.
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Figure 30: Case 3.2

Case 3.2 (Figure 30) occurs when a 2A in the inner quadrant is adjacent to a 3A in an outer quadrant.
The case corresponds to the following rules in the 1-dimensional substitution.

• (2A, 3A) 7→ (3A, 3D) from line 4.
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Figure 31: Case 3.3

Case 3.3 (Figure 31) occurs when a 2D in the inner quadrant is adjacent to a 3D in the outer quadrant.
The case corresponds to the following rules in the 1-dimensional substitution.

• (2D, 3D) 7→ (3D, 3C) from line 6.
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Figure 32: Case 4.1

Case 4.1 (Figure 32) occurs when a 3B tile in the inner quadrant is adjacent to a 1C tile in an outer
quadrant. It also occurs in an outer-outer pair when the 1C tile is in quadrant 2 and the 3B tile is in quadrant
3. The case corresponds to the following rules in the 1-dimensional substitution.

• (3B , 1C) 7→ (1A, 3D)(2A, 2D) from line 2.

• (3B , 1C) 7→ (1A, 3D)(2A, 2D) from line 3.
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Figure 33: Case 4.2

Case 4.2 (Figure 33) occurs when a 3A tile in the inner quadrant is adjacent to a 1B tile in the outer
quadrant. It also occurs in an outer-outer pair when the 1B tile is in quadrant 2 and the 3A tile is in quadrant
1. This case corresponds to the following rules in the 1-dimensional substitution.

• (3A, 1B) 7→ (1D, 3C)(2D, 3C) from line 4.

• (3A, 1B) 7→ (1D, 3C)(2D, 3C) from line 5.

• (3A, 1B) 7→ (1D, 3C)(2D, 3C) from line 7.
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Figure 34: Case 4.3

Case 4.3 (Figure 34) occurs when a 3D tile in the inner quadrant is adjacent to a 1A tile in the outer
quadrant. It also occurs in an outer-outer pair when the 1A tile is in quadrant 3 and the 3D tile is in quadrant
2. This case corresponds to the following rules in the 1-dimensional substitution.

• (3D, 1A) 7→ (1C , 3B)(2C , 2B) from line 6.

• (3D, 1A) 7→ (1C , 3B)(2C , 2B) from line 8.
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Figure 35: Case 4.4

Case 4.4 (Figure 35) occurs when a 3C tile in the inner quadrant is adjacent to a 1D tile in the outer
quadrant. It also occurs in an outer-outer pair when the 1D tile is in quadrant 1 and the 3C tile is in quadrant
2. This case corresponds to the following rule in the 1-dimensional substitution.

• (3C , 1D) 7→ (1B , 3A)(2B , 2A) from line 1.
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Figure 36: Case 5.1.

Case 5.1 (Figure 36) occurs when a 1A tile in the inner quadrant is adjacent to a 3D tile in an outer
quadrant. This case corresponds to the following rules in the 1-dimensional substitution.

• (1A, 3D) 7→ (3B , 1C)(2B , 2C) from line 2.

• (1A, 3D) 7→ (3B , 1C)(2B , 2C) from line 3.
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Figure 37: Case 5.2.

Case 5.2 (Figure 36) occurs when a 1C tile in the inner quadrant is adjacent to a 3B tile in an outer
quadrant. This case corresponds to the following rules in the 1-dimensional substitution.

• (1C , 3B) 7→ (3D, 1A)(2D, 2A) from line 6.

• (1C , 3B) 7→ (2D, 2A)(1D, 3A) from line 8.
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Figure 38: Case 5.3.

Case 5.3 (Figure 38) occurs when a 1D in the inner quadrant is adjacent to a 3C in an outer quadrant.
This case is associated with the following rules in the 1-dimensional substitution.

• (1D, 3C) 7→ (3A, 1B)(2A, 2B) from line 4.

• (1D, 3C) 7→ (3A, 1B)(2A, 2B) from line 5.

• (1D, 3C) 7→ (3A, 1B)(2A, 2B) from line 7.
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Figure 39: Case 5.4.

Case 5.4 (Figure 39) occurs when a 1B tile in the inner quadrant is adjacent to a 3A tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

• (1B , 3A) 7→ (3C , 1D)(2C , 2D) from line 1.
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Figure 40: Case 6.1.

Case 6.1 (Figure 40) occurs when a 3B tile in the inner quadrant is adjacent to a 3A tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

• (3B , 3A) 7→ (1A, 3D)(2A, 2D) from line 2.
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Figure 41: Case 6.2.

Case 6.2 (Figure 41) occurs when a 3A tile in the inner quadrant is adjacent to a 3D tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

• (3A, 3D) 7→ (1D, 3C)(2D, 2C) from line 4.

1C

2C3C

0C

3D

2D1D

0D

1B2B

3B

0B

3C 2C

1C

0C

Figure 42: Case 6.3.

Case 6.3 (Figure 42) occurs when a 3D tile in the inner quadrant is adjacent to a 3C tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

23



3B

2B 1B

0B

3A2A

1A

0A

3B

2B 1B

0B

1C

2C3C

0C

Figure 43: Case 7.1.

• (3D, 3C) 7→ (1C , 3B)(2C , 2B) from line 6.

Case 7.1 (Figure 43) occurs when a 1A tile in the inner quadrant is adjacent to a 1B tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

• (1A, 1B) 7→ (3B , 1C)(2B , 2C) from line 3.
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Figure 44: Case 7.2.

Case 7.2 (Figure 44) occurs when a 1D tile in the inner quadrant is adjacent to a 1A tile in an outer
quadrant. This case is associated with the following rules in the 1-dimensional substitution.

• (1D, 1A) 7→ (3A, 1B)(2A, 2B) from line 5.
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Figure 45: Case 7.3.

Case 7.3 (Figure 45) occurs when a 1B tile in the inner quadrant is adjacent to a 1C tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

• (1B , 1C) 7→ (3C , 1D)(2C , 2D) from line 1.
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Figure 46: Case 8.1

Case 8.1 (Figure 46) occurs when a 2A tile in the inner quadrant is adjacent to a 2D tile in the outer
quadrant. It also occurs in an outer-outer pair when the 2D tile is in quadrant 2 and the 2A tile is in quadrant
3. This case is associated with the following rules in the 1-dimensional substitution.

• (2A, 2D) 7→ (1A, 3D)(2A, 2D) from line 2.

• (2A, 2D) 7→ (2A, 2D)(1A, 3D) from line 3.

• (2A, 2D) 7→ (2A, 2D)(1A, 3D) from line 8.
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Figure 47: Case 8.2

Case 8.2 (Figure 47) occurs when a 2D tile in the inner quadrant is adjacent to a 2C tile in an outer
quadrant. It also occurs in an outer-outer pair when the 2D tile is in quadrant 1 and the 2C tile is in quadrant
2. This case is associated with the following rules in the 1-dimensional substitution.

• (2D, 2C) 7→ (1D, 3C)(2D, 2C) from line 4.

• (2D, 2C) 7→ (2D, 2C)(1D, 3C) from line 5.

• (2D, 2C) 7→ (1D, 3C)(2D, 2C) from line 7.
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Figure 48: Case 8.3

Case 8.3 (Figure 48) occurs when a 2C tile in the inner quadrant is adjacent to a 2B tile in an outer
quadrant. It also occurs in an outer-outer pair when the 2B tile is in quadrant 3 and the 2C tile is in quadrant
2. This case is associated with the following rules in the 1-dimensional substitution.

• (2C , 2B) 7→ (1C , 3B)(2C , 2B) from line 6.

• (2C , 2B) 7→ (1C , 3B)(2C , 2B) from line 8.
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Figure 49: Case 8.4

Case 8.4 (Figure 49) occurs when a 2B tile in the inner quadrant is adjacent to a 2A tile in an outer
quadrant. It also occurs in an outer-outer pair when the 2A tile is in quadrant 1 and the 2B tile is in quadrant
2. This case is associated with the following rules in the 1-dimensional substitution.

• (2B , 2A) 7→ (2B , 2A)(1B , 3A) from line 1.

• (2B , 2A) 7→ (2B , 2A)(1B , 3A) from line 7.
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Figure 50: Case 8.5

Case 8.5 (Figure 50) occurs when a 2D tile in the inner quadrant is adjacent to a 2A tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

• (2D, 2A) 7→ (2D, 2A)(3D, 1A) from line 6.
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Figure 51: Case 8.6

Case 8.6 (Figure 51) occurs when a 2C tile in the inner quadrant is adjacent to a 2D tile in an outer
quadrant. This case is associated with the following rule in the 1-dimensional substitution.

• (2C , 2D) 7→ (3C , 1D)(2C , 2D) from line 1.
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Figure 52: Case 8.7

Case 8.7 (Figure 52) occurs when a 2B tile in the inner quadrant is adjacent to a 2C tile in an outer
quadrant. This case is associated with the following rules in the 1-dimensional substitution.

• (2B , 2C) 7→ (2B , 2C)(3B , 1C) from line 2.

• (2B , 2C) 7→ (3B , 1C)(2B , 2C) from line 3.
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Figure 53: Case 8.8

Case 8.8 (Figure 53) occurs when a 2A tile in the inner quadrant is adjacent to a 2B tile in an outer
quadrant. This case is associated with the following rules in the 1-dimensional substitution.

• (2A, 2B) 7→ (2A, 2B)(3A, 1B) from line 4.

• (2A, 2B) 7→ (3A, 1B)(2A, 2B) from line 5.

Once these rules are applied and a set of new edges is generated, the process described in section 3 can
be used with the set to fill in L′i. The set may also be used to generate a list of new edges for the next tiling
generated by the inflate-and-subdivide rule.

6 Pinwheel Tiling

6.1 Introduction

The pinwheel tiling is an aperiodic tiling consisting of a right triangle with side lengths 1, 2, and
√

5. The
inflate-and-subdivide rule of this tiling inflates each triangle by a linear factor of

√
5 and subdivides it into

five triangles of the original size as shown in Figure 54. The dual graph associated with this tiling is shown
in Figure 55.
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Figure 54: Sub-tilings are separated by purple lines.
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Figure 55: Dual graph of the pinwheel tiling.

The n-th iteration of the tiling Tn contains five copies of the previous iteration Tn−1 in five different
orientations. We refer to these as quint-ants, as there are five of them. For a tiling oriented identically to
T1 in Figure 54, we number the tiles in base 5 starting with the quint-ant bounded by the short leg of the
tiling. From there we number the adjacent quint-ant whose hypotenuse is along the long leg of the tiling and
continue clockwise with the remaining quint-ants. For tiles in different orientations, the numbering scheme
is identical if the tile were to be rotated to the T1 orientation. Beginning with T2, the tiles the algorithm uses
are the ones on the edges of quint-ants that are adjacent to tiles in a different quint-ant. In other words, we
want to look at the tiles touching either side of the lines that divide the quint-ants. There are five of such
lines. We define 1-dimensional substitutions to find the pattern of tiles along these lines, so we must also
define directions in which to read these patterns. These directions are defined and marked here in Figure 56.
The pairs of tiles on the lines in T2 form several different shapes. The way these shapes inflate and subdivide
lets us define substitutions that give the edge tiles of the next iteration, and thus which nodes form the new
edges in the graph.

1

2

3 4

5

Figure 56: The red arrows show which direction we read the tiles on each line.

Starting with line 1 of T2, the adjacent tiles form a rectangle. Line 2 has a kite shape formed by the two
adjacent tiles. When the kite is inflated and subdivided, there are three more shapes that do not appear in
our base case. Therefore, it is necessary to show how these shapes inflate and subdivide as well. On lines 3
and 5, the kite shape appears again. Lastly, on line 4, there are 5 different shapes formed by adjacent tiles.
Some tiles are adjacent to two different tiles on this line. We consider each adjacency to form a distinct
shape. Figure 57 shows the shapes highlighted.

Once we apply the inflate-and-subdivide rule to both triangles in each shape, we look at the tiles in
the subdivision of both triangles. Each shape when inflated and subdivided begets a specific set of new
tiles that touch the line dividing the triangles. To find these adjacent tiles for subsequent iterations, we
recursively inflate and subdivide the new tiles on the line. Figures 58 through 64 show each of the shapes
and their substitutions. By looking at this it is easy to see that every shape that appears as an output in
these substitutions is also a defined input. When we write these out in terms of shape and the number on
the tile, we get Table ??, showing the substitution rules for each pair of adjacent quint-ants. Figures 65
through 69 show which tiles on either side of a line are adjacent when these rules are applied to the tiling.
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(a) The adjacent triangles in quint-ant 0 and
quint-ant 1 form a rectangle.

(b) The adjacent triangles in quint-ant 0 and
quint-ant 2 form a kite.

(c) The adjacent triangles in quint-ant 1 and
quint-ant 2 form two kites.

(d) The adjacent triangles in quint-ant 3 and
quint-ant 4 form a kite.

(e) The adjacent triangles in quint-ant 2 and quint-ant 3 form .

Figure 57: Highlighted are the shapes that appear in T2.
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Figure 58: The Kite
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Figure 59: The Acute Triangle
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Figure 60: The Obtuse Triangle
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Figure 61: The Rectangle
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Figure 62: The “L-shape”
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Figure 63: The “Z-shape”
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Figure 64: The “Shifted Arrow”
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6.2 1-Dimensional Substitution

6.2.1 Individual substitutions

The shapes shown in Figures 58 through 64 are all of the shapes that are generated from applications of
the inflate-and-subdivide rule. These shapes appear either in the base case tiling, or in the inflations of
those base cases. In order to generate an algorithm to find larger pinwheel tilings and to prove that our
algorithm is correct, we use these shapes and their orientations to define a set of 1-dimensional substitutions
that produce the patterns that these shapes appear in along each of the lines dividing the quint-ants. The
symbols in our substitution are names of tiles. The name of each tile is a number along with a subscripted
letter. The number indicates what type of tile it is (i.e., what the rightmost digit of the tile’s label is). The
subscripted letter indicates the shape the tile forms with an adjacent tile on the other side of the line, as
well as the orientation of the shape on the line. This is necessary because certain shapes produce different
outputs in the 1-dimensional substitution based on the direction they face on the line. We have defined the
“forward” direction to refer to shapes that point in the direction that the pattern reads along the line, and
the “backward” direction to refer to shapes that point opposite that.

As is shown in Figures 58 through 64, each pair of adjacent tiles creates a new set of tile shapes when
the inflate-and-subdivide rule is applied. Note that some shapes that can be made from several different
tile types. For example, a kite can consist of two type-0 tiles, or two type-4 tiles, or two type-1 tiles, or a
type-4 tile and a type-1 tile. However, regardless of the original numbering of the tiles composing the kite, it
inflates and subdivides into the same output. In Table 5, we define the possible tile types that can compose
each shape, and describe what each shape produces under the inflate-and-subdivide rule. Table 6 defines
the substitutions.

Note that some tiles are accounted for twice in our 1-dimensional substitution. Specifically, we consider
rectangle shapes to generate 5 distinct shapes on an application of the inflate and subdivide rule, even though
there are only 3 tiles touching either side of the line. Several of the tiles on either side are adjacent to two
different tiles, which means that their associated nodes are part of two edges in the graph. Therefore, in
order to account for the extra edges between nodes, we consider each of these adjacencies to be a distinct
tile in the 1-dimensional substitution.
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Shape name
Figure
number

Shapes and tiles produced Tiles that form it

Forward kite
(A)

58a

• Backward acute triangle
(two 4D tiles)

• Forward acute triangle
(two 3C tiles)

• Forward obtuse triangle
(two 0E tiles)

• Two 0A tiles from forward
obtuse triangle

• Two 4A tiles from back-
ward acute triangle

• Two 1A tiles from back-
ward acute triangle

• 1A tile and 4A tile from
backward arrow

Backward kite
(B)

58b

• Backward obtuse triangle
(two 0F tiles)

• Backward acute triangle
(two 3D tiles)

• Forward acute triangle
(two 4C tiles)

• Two 0B tiles from back-
ward obtuse triangle

• Two 4B tiles from forward
acute triangle

• Two 1B tiles from forward
acute triangle

• 1B tile and 4B tile from
forward arrow

Forward acute
triangle (C)

59a

• Backward kite (two 1B
tiles)

• Backward kite (two 4B
tiles)

• Two 3C tiles from forward
kite

• Two 4C tiles from back-
ward kite

Backward acute
triangle (D)

59b

• Forward kite (two 4A tiles)

• Forward kite (two 1A tiles)

• Two 3D tiles from back-
ward kite

• Two 4D tiles from forward
kite

Forward obtuse
triangle (E)

60a

• Forward kite (two 0A tiles) • Two 0E tiles from forward
kite

Backward ob-
tuse triangle(F )

60b

• Backward kite (two 0B
tiles)

• Two 0F tiles from back-
ward kite

Table 5
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Shape name
Figure
number

Shapes and tiles produced Tiles that form it

Rectangle (G) 61

• L-shape (4H tile and 0H
tile)

• Backward arrow (4L tile
and 3L tile)

• Z-shape (two 3J tiles)

• Forward arrow (3K tile
and 4K tile)

• L-shape (0H tile and 4H
tile)

• 4G tile and 0G tile from L-
shape

• Two 1G tiles from Z-shape

L-shape (H) 62

• Rectangle (4G tile and 0G
tile)

• 4H tile and 0H tile from
rectangle

Z-shape (J) 63

• Rectangle (two 1G tiles) • Two 3J tiles from rectan-
gle

Forward arrow
(K)

64a

• Backward kite (4B tile and
1B tile)

• 3K tile and 4K tile from
rectangle

Backward arrow
(L)

64b

• Forward kite (4A tile and
1A tile)

• 3L tile and 4L from tile
rectangle

Table 5
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Line 1 Line 2
0 Side 1 Side Both Sides
4G 7→ 4H4L3J3K0H 0G 7→ 0H3L3J4K4H 1B 7→ 0F 3D4C
4H 7→ 4G 0H 7→ 0G 0F 7→ 0B
4L 7→ 1A 3L 7→ 4A 3D 7→ 4A1A
3J 7→ 1G 3J 7→ 1G 4C 7→ 1B4B
0H 7→ 0G 4K 7→ 1B 0B 7→ 0F 3D4C
1A 7→ 4D3C0E 4H 7→ 4G 4A 7→ 4D3C0E
1G 7→ 0H3L3J4K4H 4A 7→ 4D3C0E 1A 7→ 4D3C0E
4B 7→ 0F 3D4C 1G 7→ 4H4L3J3K0H 4B 7→ 0F 3D4C
0G 7→ 4H4L3J3K0H 1B 7→ 0F 3D4C 4D 7→ 4A1A
3L 7→ 4A 4G 7→ 0H3L3J4K4H 3C 7→ 1B4B
4K 7→ 1B 4D 7→ 4A1A 0E 7→ 0A
0F 7→ 0B 3C 7→ 1B4B 0A 7→ 4D3C0E
3D 7→ 4A1A 0E 7→ 0A
4C 7→ 1B4B 4L 7→ 1A
4A 7→ 4D3C0E 3K 7→ 4B
1B 7→ 0F 3D4C 0F 7→ 0B
0B 7→ 0F 3D4C 3D 7→ 4A1A
4D 7→ 4A1A 4C 7→ 1B4B
3C 7→ 1B4B 1A 7→ 4D3C0E
0E 7→ 0A 4B 7→ 0F 3D4D
0A 7→ 4D3C0E 0A 7→ 4D3C0E
3K 7→ 4B 0B 7→ 0F 3D4D

Line 3 Line 4 Line 5
Both Sides 2 Side 3 Side Both Sides
1B 7→ 0F 3D4C 4G 7→ 4H4L3J3K0H 0G 7→ 0H3L3J4K4H 1B 7→ 0F 3D4C
0F 7→ 0B 4H 7→ 4G 0H 7→ 0G 0F 7→ 0B
3D 7→ 4A1A 4L 7→ 1A 3L 7→ 4A 3D 7→ 4A1A
4C 7→ 1B4B 3J 7→ 1G 3J 7→ 1G 4C 7→ 1B4B
0B 7→ 0F 3D4C 0H 7→ 0G 4K 7→ 1B 0B 7→ 0F 3D4C
4A 7→ 4D3C0E 1A 7→ 4D3C0E 4H 7→ 4G 4A 7→ 4D3C0E
1A 7→ 4D3C0E 1G 7→ 0H3L3J4K4H 4A 7→ 4D3C0E 1A 7→ 4D3C0E
4B 7→ 0F 3D4C 4B 7→ 0F 3D4C 1G 7→ 4H4L3J3K0H 4B 7→ 0F 3D4C
4D 7→ 4A1A 0G 7→ 4H4L3J3K0H 1B 7→ 0F 3D4C 4D 7→ 4A1A
3C 7→ 1B4B 3L 7→ 4A 4G 7→ 0H3L3J4K4H 3C 7→ 1B4B
0E 7→ 0A 4K 7→ 1B 4D 7→ 4A1A 0E 7→ 0A
0A 7→ 4D3C0E 0F 7→ 0B 3C 7→ 1B4B 0A 7→ 4D3C0E

3D 7→ 4A1A 0E 7→ 0A
4C 7→ 1B4B 4L 7→ 1A
4A 7→ 4D3C0E 3K 7→ 4B
1B 7→ 0F 3D4C 0F 7→ 0B
0B 7→ 0F 3D4C 3D 7→ 4A1A
4D 7→ 4A1A 4C 7→ 1B4B
3C 7→ 1B4B 1A 7→ 4D3C0E
0E 7→ 0A 4B 7→ 0F 3D4D
0A 7→ 4D3C0E 0A 7→ 4D3C0E
3K 7→ 4B 0B 7→ 0F 3D4D

Table 6: 1-dimensional substitution rules for each quint-ant dividing line
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6.3 Paired substitutions

Each set of rules in our 1-dimensional substitution describes only one side of a line dividing two quint-ants.
However, each of the names in a string of tile names generated by one of the sets of substitutions corresponds
to a tile name in a string generated by the matching substitution set for the other side of the same line.
Two corresponding tile names represent two adjacent tiles in the 2-dimensional tiling. For strings a and
b generated by the substitution rules for two different sides of the same line, tile ai corresponds with and
is adjacent to tile bi where i is an integer between 1 and the number of names in the strings. Figures 65
through 69 show strings generated by the substitutions for each line. The adjacent tiles are indicated by
magenta lines connecting their tile names in the strings. The black lines in these figures represent the lines
that separate the quint-ants containing the tiles.

For proof that these substitution rules account for all possible tiles that may show up along the borders
between quint-ants, it suffices to consider the rules in Table 6 and see that all symbols that are generated as
outputs of other rules are defined. Figures 65 through 69 also show the base case from tiling T2 for each line
and several applications of the inflate-and-subdivide rule using the substitution rules. Each figure displays
enough substitutions for all of the defined symbols to appear in the output strings. Lines 1, 2, 3, and 5
require four applications of the corresponding substitution rules in order for all of the tiles defined in the
rules to appear at least once in one of the output strings. Line 4 requires only three iterations, as it starts
with the largest base case.

Quint-ant 0

Quint-ant 1

Quint-ant 0

Quint-ant 1

4G

0G

7→

7→

4H 4L 3J 3K 0H

0H 3L 3J 4K 4H

7→

7→

4G 1A 1G 4B 0G

0G 4A 1G 1B 4G

7→

7→

4H 4L 3J 3K 0H 4D 3C 0E 0H 3L 3J 4K 4H 0F 3D 4C 4H

4L 3J 3K 0H

0H 3L 3J 4K 4H 4D 3C 0E 4H 4L 3J 3K 0H 0F 3D 4C 0H

3L 3J 4K 4H

7→ 4G 1A 1G 4B 0G 4A 1A 1B 4B 0A 0G 4A 1G 1B 4G 0B 4A 1A 1B 4B 4G 1A 1G 4B 0G 7→ . . .

7→ 4G 1A 1G 4B 0G 4A 1A 1B 4B 0A 0G 4A 1G 1B 4G 0B 4A 1A 1B 4B 4G 1A 1G 4B 0G 7→ . . .

Figure 65: Line 1

Quint-ant 0

Quint-ant 2

Quint-ant 0

Quint-ant 2

1B

0B

7→

7→

0F 3D 4C

0F 3D 4C

7→

7→

0B 4A 1A 1B 4B

0B 4A 1A 1B 4B

7→

7→

0F 3D 4C 4D 3C 0E 4D 3C 0E 3D 4C 0F 3D 4C

0F 3D 4C 4D 3C 0E 4D 3C 0E 3D 4C 0F 3D 4C

7→

7→

0B 4A 1A 1B 4B 4A 1A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B 7→ . . .

0B 4A 1A 1B 4B 4A 1A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B 7→ . . .

Figure 66: Line 2
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Quint-ant 1

Quint-ant 2

Quint-ant 1

Quint-ant 2

Quint-ant 1

Quint-ant 2

Quint-ant 1

Quint-ant 2

1B 4B

1B 4B

7→

7→

0F 3D 4C 0F 3D 4C

0F 3D 4C 0F 3D 4C

7→

7→

0B 4A 1A 1B 4B 0B 4A 1A 1B 4B

0B 4A 1A 1B 4B 0B 4A 1A 1B 4B

7→

7→

0F 3D 4C 4D 3C

0F 3D 4C 4D 3C

0E 4D 3C 0E 0F 3D 4C 0F 3D 4C 0F 3D 4C 4D 3C 0E 4D 3C 0E 0F 3D 4C 0F 3D 4C

0E 4D 3C 0E 0F 3D 4C 0F 3D 4C 0F 3D 4C 4D 3C 0E 4D 3C 0E 0F 3D 4C 0F 3D 4C

7→

7→

0B 4A 1A 1B 4B 4A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B 0B 4A

0B 4A 1A 1B 4B 4A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B 0B 4A

1A 1B 4B 4A 1A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B

1A 1B 4B 4A 1A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B

7→ . . .

7→ . . .

Figure 67: Line 3

Quint-ant 2

Quint-ant 3

Quint-ant 2

Quint-ant 3

4H 4L 3J 3K 0H

0H 3L 3J 4K 4H

7→

7→

4G 1A 1G 4B 0G

0G 4A 1G 1B 4G

7→

7→

4H 4L 3J 3K 0H 4D 3C 0E 0H 3L 3J 4K 4H 0F 3D 4C 4H 4L 3J 3K 0H

0H 3L 3J 4K 4H 4D 3C 0E 4H 4L 3J 3K 0H 0F 3D 4C 0H 3L 3J 4K 4H

7→ 4G 1A 1G 4B 0G 4A 1A 1B 4B 0A 0G 4A 1G 1B 4G 0B 4A 1A 1B 4B 4G 1A 1G 4B 0G 7→ . . .

7→ 4G 1A 1G 4B 0G 4A 1A 1B 4B 0A 0G 4A 1G 1B 4G 0B 4A 1A 1B 4B 4G 1A 1G 4B 0G 7→ . . .

Figure 68: Line 4
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Quint-ant 3

Quint-ant 4

Quint-ant 3

Quint-ant 4

0B

0B

7→

7→

0F 3D 4C

0F 3D 4C

7→

7→

0B 4A 1A 1B 4B

0B 4A 1A 1B 4B

7→

7→

0F 3D 4C 4D 3C 0E 4D 3C 0E 3D 4C 0F 3D 4C

0F 3D 4C 4D 3C 0E 4D 3C 0E 3D 4C 0F 3D 4C

7→

7→

0B 4A 1A 1B 4B 4A 1A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B 7→ . . .

0B 4A 1A 1B 4B 4A 1A 1B 4B 0A 4A 1A 1B 4B 0A 0B 4A 1A 1B 4B 0B 4A 1A 1B 4B 7→ . . .

Figure 69: Line 5

Table 7 contains the same substitution rules as Table 6 does, organized into pairs that match up with the
pairs shown in Figures 65 through 69. Since our original set of substitution rules were exhaustive, these too
are exhaustive and generate every possible pair from the base case. Therefore, these tables show that our
1-dimensional substitution rules can generate every pair of adjacent tile types that appear in an arbitrarily
large pinwheel tiling.

Line 1 Line 2
(4G, 0G) 7→ (4H , 0H)(4L, 3L)(3J , 3J)(3SF, 4K)(0H , 4H) (0B , 1B) 7→ (0F , 0F )(3D, 3D), (4C , 4C)
(4H , 0H) 7→ (4G, 0G) (0F , 0F ) 7→ (0B , 0B)
(4L, 3L) 7→ (1A, 4A) (3D, 3D) 7→ (4A, 4A)(1A, 1A)
(3J , 3J) 7→ (1G, 1G) (4C , 4C 7→ (1B , 1B)(4B , 4B)
(3K , 3K) 7→ (4B , 1B) (0B , 0B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(0H , 4H) 7→ (0G, 4G) (4A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E) (1A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1G, 1G) 7→ (0H , 4H)(3L, 4L)(3J , 3J)(4SF, 3K)(4H , 0H) (1B , 1B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4B , 1B) 7→ (0F , 0F )(3D, 3D)(4C , 4C) (4B , 4B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(0G, 4G) 7→ (4H , 0H)(4L, 3L)(3J , 3J)(3SF, 4K)(0H , 4H) (4D, 4D) 7→ (4A, 4A)(1A, 1A)
(3L, 4L) 7→ (4A, 1A) (3C , 3C) 7→ (1B , 1B)(4B , 4B)
(4K , 3K) 7→ (1B , 4B) (0E , 0E) 7→ (0A, 0A)
(0F , 0F ) 7→ (0B , 0B) (0A, 0A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(3D, 3D) 7→ (4A, 4A)(1A, 1A)
(4C , 4C) 7→ (1B , 1B)(4B , 4B)
(4A, 1A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1B , 4B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(0B , 0B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4D, 4D) 7→ (4A, 4A)(1A, 1A)
(3C , 3C) 7→ (1B , 1B)(4B , 4B)
(0E , 0E) 7→ (0A, 0A)
(1B , 1B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4B , 4B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1A, 1A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(0A, 0A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)

Table 7
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Line 3 Line 4
(0F , 0F ) 7→ (0B , 0B) (4H , 0H) 7→ (4G, 0G)
(3D, 3D) 7→ (4A, 4A)(1A, 1A) (4L, 3L) 7→ (1A, 4A)
(4C , 4C) 7→ (1B , 1B)(4B , 4B) (3J , 3J) 7→ (1G, 1G)
(0B , 0B) 7→ (0F , 0F )(3D, 3D)(4C , 4C) (3K , 3K) 7→ (4B , 1B)
(4A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E) (0H , 4H) 7→ (0G, 4G)
(1A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E) (1A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1B , 1B) 7→ (0F , 0F )(3D, 3D)(4C , 4C) (1G, 1G) 7→ (0H , 4H)(3L, 4L)(3J , 3J)(4SF, 3K)(4H , 0H)
(4B , 4B) 7→ (0F , 0F )(3D, 3D)(4C , 4C) (0G, 4G) 7→ (4H , 0H)(4L, 3L)(3J , 3J)(3SF, 4K)(0H , 4H)
(4D, 4D) 7→ (4A, 4A)(1A, 1A) (3L, 4L) 7→ (4A, 1A)
(3C , 3C) 7→ (1B , 1B)(4B , 4B) (4K , 3K) 7→ (1B , 4B)
(0E , 0E) 7→ (0A, 0A) (3D, 3D) 7→ (4A, 4A)(1A, 1A)
(0A, 0A) 7→ (4D, 4D)(3C , 3C)(0E , 0E) (0F , 0F ) 7→ (0B , 0B)

(4C , 4C) 7→ (1B , 1B)(4B , 4B)
(1B , 4B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(0B , 0B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4D, 4D) 7→ (4A, 4A)(1A, 1A)
(3C , 3C) 7→ (1B , 1B)(4B , 4B)
(0E , 0E) 7→ (0A, 0A)
(1B , 1B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4B , 4B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1A, 1A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(0A, 0A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)

Line 5
(0F , 0F ) 7→ (0B , 0B)
(3D, 3D) 7→ (4A, 4A)(1A, 1A)
(4C , 4C 7→ (1B , 1B)(4B , 4B)
(0B , 0B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1A, 4A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)
(1B , 1B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4B , 4B) 7→ (0F , 0F )(3D, 3D)(4C , 4C)
(4D, 4D) 7→ (4A, 4A)(1A, 1A)
(3C , 3C) 7→ (1B , 1B)(4B , 4B)
(0E , 0E) 7→ (0A, 0A)
(0A, 0A) 7→ (4D, 4D)(3C , 3C)(0E , 0E)

Table 7

6.3.1 2-Dimensional Algorithm

We use the 1-dimensional substitution defined in the previous section to define an algorithm that allows
us to find the new edges that appear in the graphs associated with tilings generated through the inflate-
and-subdivide rule. Our algorithm is recursive and starts with a base case set of edges between adjacent
tiles in different quint-ants from T2, along with the shape and orientations of those tiles. We walk through
the list of edges and examine the rightmost digit in each tile’s label, along with which quint-ant dividing
line it falls on and the shape it makes up. This gives us enough information to know the type, shape, and
orientation of the tiles that are generated from the inflate-and-subdivide rule. To generate the next set of
edges, we create the necessary number of duplicates of the edges, multiply the labels by 5, and add the tile
numbers that we generated to the labels. Since the tile labels are in base 5, multiplying a label by 5 has
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the effect of appending a 0 onto the end of the label, which inflates the labels to match the inflation of the
tiles themselves. Adding values to designate the newly-generated tiles that we are looking at subdivides the
inflated tiles of the previous tiling and gives us the labels of the new tiles that are adjacent. The algorithm
also saves the shape (and its orientation) formed by the new tiles so that the new list of edges can be used
in the next iteration.

Once this process is applied to all edges in the list of edges from the previous tiling, we have a complete
set of new edges. The process described in section 3 uses this set to generate L′. The set may also be used
to generate a list of new edges for the next tiling generated by the inflate-and-subdivide rule.
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